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1. Introduction 

Maps originate from the decomposition of surfaces. A typical example in this field 
is the Heawood map coloring theorem. Combinatorially, a map is a connected topo- 
logical graph r cellularly embedded in a surface. Motivated by the four color prob- 
lem, the enumeration of maps on surfaces, especially, the planar rooted maps, has 
been intensively investigated by many researchers after the Tutte's pioneer work 
in 1962 (see [10]). By using the automorphisms of the sphere, Liskovets gives an 
enumerative scheme for unrooted planar maps'®'. Liskovets, Walsh and Liskovets 
got many enumeration results for general planar maps, regular planar maps, Eu- 
lerian planar maps, self-dual planar maps and 2-connected planar maps, etc I'^'l"!^!. 
Applying the well-known Burnside Lemma in permutation groups and the Edmonds 
embedding scheme'^'. Biggs and White presented a formula for enumerating the non- 
equivalent maps (also a kind of unrooted maps) of a graph on orientable surfaces(see 
[1],[14],[19]), which has been successfully used for the complete graphs, wheels and 
complete bipartite graphs by determining the fix set Fy{a) for each vertex v and 
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automorphism a of a graph'^^l^I^^^'t^^l 

Notice that Biggs and White's formula can be only used for orientable surfaces. 
For counting non-orientable maps of graphs, new mechanism should be devised. 
In 1973,Tutte presented an algebraic representation for maps on locally orientable 
surface^[^°l'[^^l~[-'^^l). Applying the Tutte's map representation, a general scheme for 
enumerating the non-equivalent maps of a graph on surfaces can be established 
(Lemma 3.1 in section 3), which can be used for orientable or non-orientable sur- 
faces. This enumeration scheme has been used to enumerate complete maps on sur- 
faces (orientable, non-orientable or locally orientable) by determining all orientation- 
preserving automorphisms of maps of a complete graph'^^l. In orientable case, re- 
sult is the same as in [14]. The approach of counting orbits under the action of a 
permutation group is also used to enumerate the rooted maps and non-congruent 
embeddings of a grapht^'''^^'''^^'. Notice that an algebraic approach for construction 
non-hamiltonian cubic maps on every surface is presented in [12]. The main purpose 
of this paper is to enumerate the non-equivalent maps of Cayley graph F of a finite 
group G satisfying AutF = R{G) x H ^ G x H on orientable, non-orientable or lo- 
cally orientable surfaces, where if is a subgroup of AutF. For this objective, we get 
all orientation-preserving automorphisms of maps of F in the Section 2. The scheme 
for enumerating non-equivalent maps of a graph is re-established in Section 3. Us- 
ing this scheme, results for non-equivalent maps of Cayley graphs are obtained. For 
concrete examples, in Section 4, we calculate the numbers of non-equivalent maps of 
GRR graphs for symmetric groups, groups generated by 3 involutions and abelian 
groups. Terminologies and notations used in this paper are standard. Some of them 
are mentioned in the following. 

All surfaces are 2-dimensional compact closed manifolds without boundary, graphs 
are connected and groups are finite in the context. 

For a finite group G, choose a subset S (Z G such that = S and Iq ^ S, the 
Cayley graph F = Cay((j : S) of G with respect to S is defined as follows: 

y(F) = G; 

E{r) = {{g,sg)\geG,seS}. 
It has been shown that F is transitive, the right regular representation R{G) is a 
subgroup of AutF and it is connected if and only if G = {S) . If there exists a Cayley 
set S such that Aut(Cay(G' : S)) = R{G) = G, then G is called to have a graphical 
regular representation, abbreviated to GRR and say Cay(G : S) is the GRR graph of 
the finite group G. Notice that which groups have GRR are completely determined 
(see [4] - [5] and [21] for details). 

A map M — (Af^^^jP) is defined ] to be a permutation V acting on A'q,^^ of a 
disjoint union of quadricells Kx of x G A", where K — {l,a, /3,a/3} is the Klein 
group, satisfying the following conditions: 

{i) for Vx e Xa,i3, there does not exist an integer k such that V'^x — ax; 

(a) aV^V'^a; 

(in) the group \E'j = {a,[3,V) is transitive on Xa^p. 

According to the condition {ii), the vertices of a map are defined to be the 
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pairs of conjugate of V action on X^^p and edges the orbits of K on Xf^p. For 
example, {x,ax, Px,aj3x} is an edge for Vx G X^^p of M. Geometrically, any map 
M is an embedding of a graph F on a surface ( see also [10], [17] — [18] ), denoted by 
M = M{r) and F = F(M). The graph F is called the underlying graph. If r G Xa,i3 
is marked beforehand, then M is called a rooted map, denoted by M^. 

For example, the graph K4 on the tours with one face length 4 and another 8 
shown in Fig. 1, 



Fig.l 

can be algebraically represented as follows: 

A map {Xa^i3,V) with Xa^p = {x,y, z,u,v,w,ax,ay, az,au,av,aw, (3x, (3y, (5z, 
l3u, (3v, Pw, aPx, a/3y, a/3z, a/3u, a^v, a/Sw} and 

V = {x,y, z){ai3x,u,w){aPz,af!iu,v){aPy,af3v,aPw) 
X {ax, az, ay) {/3x, aw, au) {(3z, av, /3u) {/3y, (3w, I3v) 

The four vertices of this map arc {(.x, y, z), {ax, az, ay)}, {{afix, u, w), {(3x, aw, au)}, 
{{a(3z, aPu, v), {l3z, av, Pu)} and {{a^y, a^v, a^w), {Py, Pw, Pv)} and six edges are 
{e, ae, Pe, aPe} for Ve G {x, y, z, u, v, w}. 

Two maps Mi = {X^^p,Vi) and M2 = {'^a,^^'^^) are called to be isomorphic if 
there exists a bijection r : X^^ — > X^^ such that for \/x G X^ i^,Ta{x) — aT{x), 
tP{x) = Pt{x) and rVi{x) = V2t{x) and r is called an isomorphism between 
them. Similarly, two maps Mi,M2 are called to be equivalent if there exists an 
isomorphism ^ between Mi and M2 such that for Vx G X^ g, tVi{x) 7^ 7^2 ^t{x). 
Call ^ an equivalence between Mi and M2. If Mi = M2 = M, then an isomorphism 
or an equivalence between Mi and M2 is called an automorphism or an orientation- 
preserving automorphism of M. Certainly, an orientation-preserving automorphism 
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of a map is an automorphism of map preserving the orientation on this map. 

All automorphisms or orientation-preserving automorphisms of a map M form 
groups, called automorphism group or orientation-preserving automorphism group 
of M and denoted by AutM or AutoM, respectively. Similarly, two rooted maps 
M[ and M2 are said to be isomorphic if there is an isomorphism 9 between them 
such that 9{ri) — r2, where ri, r2 are the roots of MJ" and MJ, respectively and 
denote the automorphism group of by AutM''. It has been known that AutM*" 
is the trivial group. 

Now let r be a connected graph. The notations £'~^ {V) , £^ {V) and ^^(r) de- 
note the embeddings of F on the orientable surfaces, non-orientable surfaces and 
locally orientable surfaces, M.{T) and AutF denote the set of non-isomorphic maps 
underlying a graph F and its automorphism group, respectively. 

Terminologies and notations not defined here can be seen in [10] for maps and 
graphs and in [1] and [20] for groups. 

Notice that the equivalence and isomorphism for maps are two different con- 
cepts, for example, map M — {Xa,i3,V) is always isomorphic to its mirror map 
= {Xa,i3,'P~^), but Ml must not be equivalent to its mirror M-^. We establish 
an approach for calculating non-equivalent maps underlying a graph and concrete 
results in the sequel sections. 

2. Determining orientation-preserving automorphisms of maps of Cayley 
graphs 

For C — {{xi, X2, - • • , xi), {axi, axi^i, • • • , axi)}, the permutation = (xi, X2, • • • , 
xi)(axi, axi^i, ■ ■ ■ , axi) is called a pair permutation. Denote by {C} the set {xi,X2, ■ ■ ■ , 
Xi,axi,ax2, - ■ ■ ,o.xi} and g |ni the constraint of permutation g action on fli for 
Qi C Jl. Then we get the following result. 

Lemma 2.1 Let F be a connected graph. Then 

(i) For any map M G M{T), if t e AutM, then r \v(r)^ AutF; 

(ii) For any two maps Mi,M2 underlying the graph T, if 9 is an isomorphism 
mapping Mi to M2, then 9 \v(r)^ AutF. 

Proof According to the Tutte's algebraic representation for maps, we can assume 
that M = {Xa,f3, V) with X = E{T). For Vx, y G V{M), we know that 

X = {(ei, 62, • • • , Cg), {acs, acs-i, aei)}; 

y = {(e\ e^ • • • , e*), {ae\ ae*-\ • • • , ae^)}. 

Now ii e — xy & E{G), there must be two integers i,j, such that = Pe^ — e 

or (3ei = Cj = e. Whence, we get that 

(i) if r e AutM, then V(r) = V{M) = V^M) - F^(F) and 
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= {(T(ei), T(e2), • • • , T(es)), {aT{es), aT{es-i), aT{ei))}; 



= {(r(e^), r(e^), • • • , r(e*)), {aT{e'),aT{e'-'), ar(e^))}. 

Therefore, 

e"eK}n/3{y"} or e n {y"}. 

Whence, x'^j/'^ G E(T) and r |v(r)£ AutF. 

(n) Similarly, if ^ : Mi — >■ M2 is an isomorphism, then 9 : V{r) = V{Mi) — >■ 
V{M2) = V{T) and 

e {x^} n or e (3{x^} n {y^} 

Whence we get that 

= x'^y'^ e E{r) and ^ |y(r)e AutF. \] 

Lemma 2.2 For Vf/ G AutM, Vx G A'q,^^ 0/ a map M, 

(i) \x^^^^\ = |AutM| ; 

{ii) \x^^^ \ = o{g), 
where, o{g) denotes the order of g. 

Proof For any subgroup H -< AutM, we know that \H\ = \x^\\Hx\. Since 
-< AutM^ by definition, where is the rooted map with root x, and AutM^ is 

trivial, we know that \H.j:\ = 1. Whence, \x^\ — \H\. Now take H — AutM or (g), 

we get the assertions (i) and {ii). \\ 

For V^f G AutF, M = {Xai3,V) G A1(F), define an extending action of gi on M 

by 

such that M^* — gMg~^ and ga — ag, gP — (3g. A permutation p on set Q, is called 
semi-regular if all of its orbits have the same length. Whence, an automorphism of 
a map is semi- regular. The next result is followed by Lemma 2.1 and the definition 
of extending action of elements in AutF gives a necessary and sufficient condition 
for an automorphism of a map to be an orientation-preserving automorphism of this 
map. 

Theorem 2.1 For a connected graph V, an automorphism ^* of map M is an 

orientation-preserving automorphism of map underlying F if and only if there exists 
an element ^ G AutF such that = ^ \^<^,p , 

Now for a finite group G, let F = Cay(G' : S*) be a connected Cayley graph 
respect to S. Then its edge set is {(^r, sg)\Mg & G,\/s & S}. For convenience, we use 
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gsg denoting an edge {g, sg) in the Cayley graph Cay(G : S). Then its quadricell of 
this edge can be represented by {g^^^ ■, g^^~ ■, {sgy~^, {sgy~} and 

XaA^) = {/'+|V^ e G, Vs e 5} u {/^-|V^ e G, Vs e S}; 

n if'^^a^n; 

geG,seS 

geG,seS 

The main result of this section is the following. 

Theorem 2.2 Let T = Cay(G : S) be a connected Cayley graph with AutF = 
R{G) X H. Then for \/9 G AutF, the extending action 9 1'^"-'^ is an orientation- 
preserving automorphism of a map in £(r) on surfaces. 

Proof The proof is divided into two parts. First, we prove each automorphism 
of the graph F is semi-regular and second, construct a stable embedding of F for 
e AutF. 

{i) For V^f e AutF, since AutF = R{G) x H, there must exist 7 G R{G),5 G H 
such that g — — Sj. Now for \/x G G, the action of elements in (g) on x are as 
follows. 

x9 = {x^y = x^r, 

Therefore, the orbit of (g) acting on x is 

= {x,x^-f,x^'-f^,---,x^"l'',---)- 

That is, for Wx G G, \x^^'^\ — [o{5),o{'y)]. Whence, g is semi-regular, 
(ii) Assume that the automorphism ^ of F is 

= {a,b, - ■ ■ ,c) ■ ■ - {g^h, - ■ ■ ,k) - ■ ■{x,y, - ■ ■ ,z), 

where the length of each cycle is k = o{g), G = {a, b, ■ ■ ■ , c, ■ ■ ■ , g, h, ■ ■ ■ , k, ■ ■ ■ , x,y, 
■ ■ ■ , z} and S — {si, S2, • ■ ■ , St} C G. Denote hy T = {a, - ■ ■ ,g, - ■ ■ ,x} the repre- 
sentation set of each cycle in 9. We construct a map M — {Xa,pi 'P) underlying F 
with 

X^,p{T) = {/^+|V^ G G, Vs G 5} U {/^-|V^ G G, Vs G S}; 
^ = n n (a)(«G,ia-'), 
6 



where C{g) denotes the cycle containing g and let x — 9^{g), then 



= {e^{gf^''3+\e^{gf^'^9+\---,e^{gf^''3+^) 



and 
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{aef{gf^''^-\aef{gf^' 



It is clear that M = 6M9~^. According to Theorem 2.1, we know that 6 \'^"''^ is 
an orientation-preserving automorphism of map M. 
Combining (i) with (ii) , the proof is complete. t] 

According to the Rotation Embedding Scheme for orientable cmbcddings of a 
graph formalized by Edmonds in [2], each orientable complete map is just the case 
of eliminating the signs "+, -" in our representation of maps. Whence, we get the 
following result for orientable maps underlying a Cayley graph of a finite group. 

Theorem 2.3 Let F = Cay(G : S) be a connected Cayley graph with AutF = 
R{G) X H . Then for \f9 G AutF, the extending action 9 l*^"-" is an orientation- 
preserving automorphism of a map in M.{T) on orientable surfaces. 

Notices that a GRR graph F of a finite group G satisfies AutF = R{G). Since 
R[G) = R{G) X {lAutr}, by Theorems 2.2 and 2.3, we get all orientation-preserving 
automorphisms of maps of GRR graphs of a finite group as follows. 

Corollary 2.1 Let F = Cay(G : S) he a connected GRR graph of a finite group 
G. Then for \/9 G AutF, the extending action 9 l'^"-'' is an orientation-preserving 
automorphism of a map in A^(F) on locally orientable surfaces. 

Corollary 2.2 Let F — Cay(G : S) be a connected GRR of a finite group G. Then 
for y9 G AutF, the extending action 9 \'^'^'<^ is an orientation-preserving automor- 
phism of a map in A^(F) on orientable surfaces. 

3. The enumeration of non-equivalent maps of Cayley graphs 

According to Theorem 2.1, we can get a general scheme for enumerating the non- 
equivalent maps of a graph F on surfaces. 

Lemma 3.1 For any connected graph F, let £ C ^^^(F), then the number n{£,Ai) 
of non- equivalent maps in 8 is 
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E \^i9)\ 



AutF 



seAutr 



where, <^>{g) = {V\V G £ and = V}. 
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Proof According to Theorem 2.1, two maps Mi, M2 G S are equivalent if and 
only if there exists an automorphism g G AutF such that Mf = M2, where, ^f* = 
g |'^"./3. Whence, all non-equivalent maps in S are just the representations of the 
orbits in S under the action of AutF. By the Burnside Lemma, the number of 
non-equivalent maps in £ is 



Corollary 3.1 The numbers of non-equivalent maps in S {r),S (T) and S {T) are 

n(£^(r),Ai) = — ^ Y: |$^(^)|; (3.1) 



geAutr 



n(£^(r),A1) = — J— E (3.2) 



gsAutr 



n(£:^(r),A^) = -i— E (3-3) 

where, (^^{g) = {V\V G £^{T) and = V}, ^^{g) = {V\V G £^{T) and = 
V}, ^^{g) = {V\V G 8^{V) and = V}. 

Corollary 3.2 In formula (3.1)-(3.3), \^{g) \ 7^ if, and only if g is an orientation- 
preserving automorphism of map of graph V on an orientahle, non-orientable or 
locally orientahle surface. 

The formula (3.1) is obtained by Biggs and White in [1]. Applying Theorems 
2.2 — 2.3 and the formulae (3.1) — (3.3), we can enumerate the non-equivalent maps 
underlying a Cayley graph F of a finite group G satisfying AutF = R{G) x H on 
orientahle surfaces, non-orientable surfaces and locally orientahle surfaces. 

Theorem 3.1 Let F = Cay(G : S) be a connected Cayley graph with AutF = 
R{G) X H. Then the number rij^{G : S) of non- equivalent maps underlying F on 
locally orientable surfaces is 

nUG : s) = -I— E m-'^''^\\s\ - lyM, 

where Oq denotes the representation set of conjugate class o/AutF , £^ the conjugate 
class in AutF containing ^ and 



a{S,0 



\G\\S\-2\G\ ^ g Q 



2o(0 
" S\+2l 

Mi) 



|G||S|+2/-2|G| ^ if ^ e A. 
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where, O = {C|o(0 = l{mod2) V o(0 = 0{mod2), e S,t e G such that s = 
A = {^\o{C) = 0{mod2)A3si e S,tieG,l<i< 1(0, KO = 0{mod^^) such 
t/iat Sj = tf ^ }. 

Proo/ Notice that $^(0 is a class function on AutF. According to Theorem 
2.2 and Corollary 3.1, we know that 

n%i{G : S) 



Since for \/^ = {fj,, u) G AutF, ^ is semi-regular, without loss of generality, we 
can assume that 

^ = {a,b, ■ ■ ■ ,c) ■ ■ ■ {g,h, ■ ■ ■ , k) ■ ■ ■ {x,y, ■ ■ ■ , z), 
where the length of each cycle is o(^) = [o(//), o{u)], 

n (c.)(«c-^), 

9GTxeC(g) 

being a map underlying the graph F and stable under the action of ^, C{g) denotes 
the cycle containing g and T is the representation set of cycles in ^. Let S = 
{si, S2, • • • , Sk} and x = ^^{g), then 

a = {e{9f^''''''\e{9f^''"''\ • • • , (3.5) 

with z/j e {+, — }, 1 < i < A;. 

Notice that the quadricell adjacent to the vertex a can make 2l'^'^-'^(|S'| — 1)! pair 
permutations, and for each chosen pair permutation, the pair permutations adjacent 
to the vertex x,x G C{a) are uniquely determined by (3.5) since V is stable under 
the action of ^. 

Similarly, for each given pair permutation adjacent to a vertex u & T, the pair 
permutations adjacent to the vertices v,v G C{u) are also uniquely determined by 
(3.5) since V is stable under the action of ^. 

Notice that any non-orientable embedding can be obtained by exchanging some 
X with ax,x G Xa,i3{M) in an orientable embedding M underlying F. Now for 
an orientable embedding Mi of F, all the induced embeddings by exchanging some 
edge's two sides and retaining the others unchanged in Mi are the same as Mi by 
the definition of embedding. Therefore, the number of different stable maps under 
the action of ^ gotten by exchanging x and ax in Mi for x & U,U G X0, where 

'^13 = U {x,(3x} , is 2^*^'^-*~°^, where ^(e) is the number of orbits of E{T) under 



E l*''(^)l- (3-4) 
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the action of ^, and we subtract because we can choose a^'^, • • • , g"''^, • • • , x"'^ 
first in our enumeration. 

Since the length of each orbit under the action of ^ is o(^) for Ve G E{r) if 
o(^) = l[mod2) or o(^) = 0{mod2) but there are not s & S,t E G such that 

s = and is ^ for each edge 1 < i < /(^), if o(^) = 0(mo(i2) and there 

arc E S.ti E G, 1 < i < such that Sj = t^~^ (Notice that there must be 
/ = O(mo(i^) because ^ is an automorphism of the graph F) or o{^) for all other 
edges. Whence, we get that 



e{r) 



£• 



if ^ee 



Now for Vtt G Autr, since 6* = tt^tt ^ G AutF, we know that 9{s) = ^{s). 
Therefore, we get that 



and 



\G\\S\-2\G\ 
+21(1 

MO 



2oio ' if Ce© 

|G||5|+2;(g)-2|G| ^ C e ^■ 



|$^(^)| = 2'^(^'«)(|5| -1)!^. (3.6) 



Combining (3.4) with (3.6), we get that 

nliiG : S) = -L- E |£:d2"(^'«(|5| - 1)!^, 

and the proof is complete. t] 

According to the formula (3.1) and Theorem 2.3, we also get the number n^{G : 
S) of non-equivalent maps of a Cayley graph Cay((j : S) on orientable surfaces. 

Theorem 3.2 Let F = Cay(G : S) be a Cayley graph with AutF = R{G) x ff. T/ien 
^/le number n'^{G : S) of non- equivalent maps underlying F on orientable surfaces 
is 

<iG:S)^-^ E l^dd-^l-l)!^, 

where,the means of notations S^, Oq are the same as in Theorem 3.1. 
Proof By Corollary 3.1, we know that 



ieR{G)xH 
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Similar to the proof of Theorem 3.1 by applying Theorem 2.3 and Corollary 3.1, we 
get that for e R{G) x H, 



Therefore, 



|$«(0I = (|5|-1)!^. 



Notice that for a given Cayley graph Cay(G : -S") of a finite group G, n^{G : S)+ 
n^{G : S) = n^{G : S). Whence, we get the number of non-equivalent maps 
underlying a graph Cay(G : S) on non-orientable surfaces. 

Theorem 3.3 Let F = Cay(G' : S) be a Cayley graph with AutF = R{G) x H. 
Then the number n^{G : S) of non- equivalent maps underlying F on non-orientable 
surfaces is 

<{G : S) = -i- - mS\ - 1)!^, 



where Og denotes the representation set of conjugate class o/AutF, £^ the conjugate 
class in AutF containing ^ and a{S,^) is the same as in Theorem 3.1. 

Since R{G) = R{G) x {lAutr} and the condition s e S,t e G such that s — t^^ 
turns to s = t^~^t~^ when AutF = R{G), we get the number of non-equivalent 
maps underlying a GRR graph of a finite group by Theorems 3.1 — 3.3 as follows. 

Corollary 3.3 Let G be a finite group with a GRR graph F — Cay(G : S). Then the 
numbers of non- equivalent maps underlying F on locally orientable, orientable and 
non-orientable surfaces are respective 



n 



geOa 



geOa 



and 



nUtiG ■■S) = T^^T. I^J(2-(^'^) - 1)(|^| - 1)!^, 



geOa 

where Oq denotes the representation set of conjugate class of G, £g the conjugate 
class in G containing g and 



mshm if g^Q' 

._.-2|G| 

Mo) 



ai{S,g)-< |G||g|-f2K3)-2|G| -r 

I 20(5) ' y t ^ 
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where, O' = {g\o{g) = l{mod2) V o{g) = 0{mod2),^s e S,s ^ £ o(g)} and A' = 

{g\o{g) = 0{mod2), 3tj e G, 1 < i < l{g),l{g) = 0{mod^) such that Ug^f;^ 
eS}. 

Especially, if the group G has odd order, then we get the following enumeration 
result for maps underlying a GRR graph of G. 

Corollary 3.4 Let G he a finite group of odd order with a GRR graph T = Cay(G' : 
S). Then the number n^{G : S) of non- equivalent maps of graph T on surfaces is 

1 |G||S|-2|G| |G| 

niiiG ■.S) = — J: \S,\2^^{\S\ - 1)!^. 



4. Examples and calculation for GRR graphs 

Hetze and Godsil investigated GRR for solvable, non-solvable finite groups, re- 
spectively. They provedW'1^^1 that every group has GRR unless it belongs to one of 
the following groups: 

(a) abelian groups of exponent greater than 2; 

(b) generalized dicyclic groups; 

(c) thirteen "exceptional" groups: 

(1) Z|, Z|, 

(2) De,Ds,Dio; 

(3) A,; 

(4) (a, b, c\a^ = 6^ = = 1, abc = bca = cab); 

(5) {a,b\a^ ^b"^ ^l,bab^b^); 

(6) (a, b, c\a^ = c^ = b'^ — l,ac — ca, {aby — {cbY = 1); 

(7) (a, 6, c\a^ = b^ = — l,ac — ca, be — cb,c — a~^b~^ab); 

(8) Qs X Z3, Qs X Z4. 

Based on results in previous section, the constructions given in [4] — [5] and 
Corollary 3.2, we give some calculations for the numbers of non-equivalent maps 
underlying a GRR graph on surfaces for some special groups. 

Calculation 4.1 Symmetric group E„ 

Using the notation (/c) denotes a partition of the integer n: (k) = ki, k2, ■ ■ ■ , kn) 
such that l/ci + 2/c2 + - ■ ■ + nkn = n and lcm{k) the least common multiple of the inte- 
gers l{ki times), 2(/c2 times), • • •, n{kn times), i.e, Icmik) = [l(/citimes), 2(A;2times), 
• • • , n(A;ntimes)] . Godsil proved that^^l every symmetric group E„ with n > 19 has 
a cubic GRR with S — {x,y,y~^}, where = y^ = e. Since |E„| = n!, we get that 
the numbers of non-equivalent maps underlying a cubic GRR graph of E„ are 



12 



and 



I n! »! ^ 2 
= -^""T.^ x2'c^w=$:^^ , 



i=l i=l 



and 



,(E, :5) = lx ^ 2^(2-i(^'^)-l) 

For the case n — 6m + 1, we know that'll x — bi if m = l{mod2) and a; = 62 if 
m = 0(mod2), where 

61 = (l,4)(2,n)(3,n- l)(n-6,n-3)(n-5,n-2) 
X [] (6r, 6r + 3)(6r + 1, 6r + 4)(6r + 2, 6r + 5) 

and 

62 = &i(n-12,n-9). 

Notice that 61 e S[i323m-ij and 62 £ £^[i523m-2]. We define the sets Ai,Bi,A2 and 
B2 as follows. 

^1 = {qIq £ ^n)0(5f) = l{mod2) or o(5f) = 0(mo(i2) but ^ £^[i323m-i]}, 



Bi = {g\g e S„, ©(^r) = 0{mod2) but 5 2"' ^ £ji323m-i]} 



and 



o(g) 

^2 = {g\g £ Sn,o(5') = l{mod2) or 0(5') = 0(mod2) but g ^ ^ ^[i623'"-2]}, 

B2 = {g\g e 0(5) = 0{mod2) but £:[i523m-2]}. 

For V6I e E„, if C e or Bj, i = 1 or 2, it is clear that 9(9'^ e Ai or 
Whence, C Aj, or Sj. Now calculation shows that 
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Kg) 



3!(n — 3)!!, if 5' e £[i323m-i] 
5!(n — 2)!!, if g & £^[i523m-2] 
0, otherwise. 



Therefore, we have that 



where, 



and 



where 



n 



■jiii^n '■ S)\m=l{mod2) 



J2 2"^^^'^)+^ 



ni 



-txE 

w n i'^^hi 

i=l 



X 



(k) n ^'''k^^■ 

1=1 



lcm{k) 



ai{S, (A;)) 



2-lcm{k) ' 
n!+12(n-3)!! 
2-icm(fe) ■ 



if %CAi 
if £(it)Ci?i 



S)\ 



E 2' 



(9) 



n! 

y 1 

(fc) n ^'''^i! 

i=l 



a[{S,{k)) 



2-lcm{k) ' 
n!+240(n-5)!! 
2-lcm{k) ■ 



if %)CA2 
if %)CB2. 



Calculation 4.2 Group generated by 3 involutions 

Let G = (a, b,c\a^ = h'^ = (? — e) be a finite group of order n. In [5], Godsil 
proved that if (AutG)5 = e, where S — {a, 6, c}, then G has a GRR Cay(G : S). 
Since any element of order 2 must has the form txt"^, t & G and x — a,b or c. We 
assume that for \/t & G,tx ^ xt, for x — a,b, c. Then for \/g e G, 
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Kg) 

Therefore, we get that 

o^i{S, g) 



n, if o{g) = 0{mod2) 
0, if o{g) = l{mod2). 



I 41)' if o{g) = 0{mod2), 



ni,{G : S) ^ 



J2 220(9) + J2 22°(9) 

o{g)=l{mod2) oig)=0{mod2) 

n 



nUG-.S)-'^'' 



E 2^ 



and 



n n n 'in 

2^(22^-1)+ 2^(22^-1) 



n 



Calculation 4.3 Abelian group 

Let k = \S\. It has been proved that an abelian group G has GRR if and only 
if G = (^2)"' for n = 1 or n > 5. Now for the abelian group G = (^2)" = 
(a) X (6) X • • • X (c), every element in G has order 2. Calculation shows that 



Kg)- 

Whence, we get that 

oii{S,g) = <^ 



2", if geS 

0, if ^^s-. 



(A; - 2)2'*-2, if g^S 
fc2'^-2, if geS. 



Therefore, the numbers of non-equivalent maps underlying a GRR graph of (^2)" 
on locally orienatble or orientable surfaces are 

n%,{{Z,r:S) = i^x ^ 2"i(^'^)(/c-l)!^ 

= 4rx(E2''""('t-i)!'""+ E 2M2"-^(/c-i)r"') 

2fe2"-^fc(fe _ 1)12"-^ + (2" - A: - l)2(^-^)^"-'(A; - 1)!^""^ 
~ 2" 

2(*=-2)2"''(fc- 1)!2" 

+ ' 
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and 



96(^2)" 

(A;-l)!^" + (2"-l)(A:-l)!^' 
~ 2" 
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